ABSTRACT Depth-sensing nanoindentation, when the displacement the indenter is continuously monitored is widely used for analysis and estimations of mechanical properties of materials. Starting from pioneering papers by Bulychev, Alekhin, Shorshorov and their co-workers, nanoindentation tests are connected with Hertzian contact problems and the frictionless BASh relation is commonly used for evaluation of elastic modulus of materials. We discuss further the connections between Hertz type contact problems and nanoindentation tests and derive fundamental relations for depth-sensing nanoindentation for indenters of various shapes and for various boundary conditions within the contact region. For the loading branch, relations are derived among depth of indentation, size of the contact region, load, hardness, and contact area, using authors' scaling formulae. The relations are valid for indenters of non-ideal shapes, whose shape function is a monomial function an arbitrary degree d, in particular for blunted pyramidal indenters when 1 < d < 2. We show that some uncertainties in nanoindentation measurements, which are sometimes attributed to properties of the material, can be explained and quantitatively described by properly accounting for geometric deviation of the indenter tip from its nominal geometry. Then relation is derived for the slope of the unloading branch of adhesive (no-slip) indentation. The relation is analogous the frictionless BASh relation and it is independent of the geometry of the indenter. Further, the JKR theory of contact the presence of forces of molecular adhesion is extended to describe contact between a monomial indenter of an arbitrary degree d and an elastic sample. Finally, some exact formulae are obtained for adhesive contact (both the no-slip contact and the contact in the presence of molecular adhesive forces) between indenters and isotropic, linear elastic materials. In particular, it is shown that the BASh formula is still valid for contact between a flat punch and a soft elastic sample in the presence of molecular adhesive forces (the Boussinesq-Kendall problem).
INTRODUCTION
It is known [1] [2] [3] that H. Hertz published his theory elastic contact in 1882. The same year he published another paper where he suggested a way to evaluate hardness of elasto-plastic materials using his contact theory. However, his approach to hardness was found to be inpracticable. In 1968 Kalei published the first paper on depth-sensing nanoindentation tests. In 1975 Bulychev, Alekhin, Shorshorov (BASh) and their co-workers found a connection hardness measurements and Hertz type contact problems, namely they published the BASh equation for the stiffness S of the upper portion of the load displacement curve at unloading:
Here a is the radius of the contact region, A is the contact area (A = a 2 ), P is the external load, h is the indentation depth of the indenter tip, and E * is the reduced Young's modulus. Thus, nanoindentation techniques provide an opportunity to obtain mechanical properties of materials of very small volumes. The BASh relation is an example of fundamental relations which can be obtained from the analysis of frictionless contact problems. The estimations of the thin film mechanical properties can be affected by various factors including the deviation of the indenter tip from nominal geometry and adhesion of materials.
SIMILARITY APPROACH
Evidently, the load-displacement diagram at loading reflects both elastic and plastic deformations of the material, while the unloading is taking place elastically. First we consider the loading branch. It is argued that for shallow indentation where the tip bluntness is on the same order as the indentation depth, the indenter shapes can be well approximated by nonaxisymmetric monomial functions of radius. However, if the stress-strain relation of the coating is s~e k , i.e. the stress-strain behavior of materials can be described as a homogeneous (power-law) relation with the work-hardening exponent k , and the indenter shape is described by a homogeneous function of degree d then the problem is self-similar [4] [5] [6] . Let P1, A1, l1, H1 and h1 be respectively some initial load, the corresponding contact area, the characteristic size of the contact region, the hardness (the average pressure) and the displacement. Using similarity rescaling formulae for 3D frictional contact problems [6] , the fundamental relations are derived for depth of indentation, size of the contact region, load, hardness, and contact area, which are valid both linear and non-linear, isotropic and anisotropic materials [7] : 12-16, 2005, Washington, D.C., USA 
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The formulae depend on the exponent k and the degree d. However, it follows from (2) that h~A d/2 independently of the exponent k. Hence, one can calibrate the indenter tip from areadisplacement curve. In addition, H is constant only for d = 1. Thus, the nonideal indenter geometries can affect the interpretation of the experimental results.
UNLOADING: NO-SLIP CONDITIONS
On the unloading branch, it is assumed that the materials are isotropic and linear elastic. The authors developed the Mossakovskii approach to the adhesive problem and derived a relation that for evaluation of elastic modulus of materials by the slope of the unloading branch assuming adhesive (no-slip) contact [3, 8] :
Thus, the BASh relation (1) should be corrected by the factor C in the case of frictional contact, where in the case of adhesive (no-slip) contact ).
This factor depends on the Poisson ratio n. It decreases from C = ln 3 = 1.0986 at n = 0 and takes its minimum C = 1 at n = 0.5. Taking into account that full adhesion preventing any slip within the contact region is not the case for real physical contact and there is some frictional slip at the edge of the contact region, one can conclude that the values of the correction factor C in (3) cannot exceed the upper bound (4). The relation is analogous to the BASh relation and similarly to the frictionless analysis, the obtained relation is independent of the geometry of the indenter.
Developing the Mossakovskii approach, we obtained exact relations among the force P, the contact radius a and the displacement h for an arbitrary axisymmetric indenter of a monomial shape f(r)=Bdr d . Using these relations, we obtain
is the Euler gamma function and I is a finction of d [3] . In the case n= 0.5, the formula (5) is identical with the corresponding formulae obtained by Galin for frictionless contact [3] .
MOLECULAR ADHESION OF BLUNT INDENTERS
Usually molecular adhesion between contacting bodies has a negligible effect on surface interactions at the macro-scale, while it becomes significant as the contact size decreases, in particular adhesion becomes an important issue at nanoscale. The mechanics of adhesion is well established for contact between homogeneous elastic solids having spherical surfaces [1, 2] . If one develops the Johnson, Kendall, and Roberts (JKR) theory of adhesive contact [9] for solids having more general shape, namely when the distances between the solids are described as monomial functions of arbitrary degrees, then using Galin's solution, one can obtain an exact formula giving relation between the load P and the contact radius a [10] , 8 ) (
Evidently, (6) [11] . If one applies the results to depth-sensing nanoindentation then one can see that (1) and (3) are still valid for adhesive contact of a flat punch (the Boussinesq-Kendall problem [12] ). However, in general case both the adhesive molecular interaction and non-ideality of the shape may affect the results obtained using the standard Hertzian approach.
